Catastrophic fault sliding is preceded by the development of sliding zones which grow further driven by the excess of the shear stress over friction at the loci of initiation. This growth is strongly affected by the interaction between the sliding zones. We propose a model of development of such zones based on two major simplifications. Firstly, each sliding zone is modelled as a disc-like shear crack driven by a pair of concentrated forces representing the excess of the shear stress over friction at the loci of initiation.
Introduction
One of the main mechanisms of earthquakes is catastrophic sliding over a fault, which occurs rapidly and then propagates dynamically (e.g., Scholz, 1990) . In principle, if the original stress state consisting of the gravitational and tectonic components is known together with the stress redistribution caused by the Earth's crust structure and properties, then complete determination of the magnitude of the resulting seismic event can be achieved provided that the strength parameters of the fault are known. The most difficult is the determination of the fault strength properties, since the parameters determined by retrospective analysis of the post failure situation (post-mortem examination) do not have to be relevant to a next sliding which will happen in conditions changed by the previous fault sliding. Also a possibility of some strength Fault systems with self-similar sliding zones increase with time (healing, e.g., Scholz, 1990; Abinante and Knopoff, 1995) should be taken into account. In this case the main tool for prediction of the sliding or, at least the risk assessment, is seismic monitoring. The major challenge in seismic monitoring is the development of interpretation methods which, in order to be realistic, have to be based on the understanding the mechanics of catastrophic fault sliding.
In many cases the mechanical behaviour of the fault is controlled by the rock mass structure encompassing a number of scales. Then the assumption of self-similarity in distributions of microstructural elements becomes a major simplifying factor in an otherwise usually intractable problem. There is a strong evidence of self-similar properties of both rocks and the Earth's crust (e.g., Sadovskiy, 1983; Scholz and Aviles, 1986; Scholz, 1990; Redner, 1990; Olding, 1992; Barton and Zoback, 1992; Turcotte, 1993 Turcotte, , 2004 Gillespie et al., 1993; Yamamoto et al., 1993; Dubois, 1998) .
The appearance of self-similar structures is usually attributed to the critical state of the material (e.g., Bak and Tang, 1989; Chopard and Droz, 1998) , however, the particular mechanism of formation of self-similar distributions, particularly distributions of cracks and fractures, is poorly understood. The most popular approach is to consider the fractures as clusters of connected defects (e.g., Sahimi and Goddard, 1986; Nishiuma et al., 1996; Chakrabati and Benguigui, 1997; Mishnaevsky, 1998) which, near the critical state (i.e. at the percolation threshold), have self-similar distributions. It should however be noted that only in the 2D picture these structures actually break the material. In the real 3D world the formation of such structures does not affect the connectedness of the body. Fault systems with self-similar sliding zones Dyskin (2001 Dyskin ( , 2002 proposed a mechanism of developing isotropic self-similar distributions of disc-like cracks, based on crack interaction and leading to a self-similar distribution of crack sizes, with the distribution function proportional to the inverse fourth power of the crack radius. Essential in this model is the stable growth of the cracks, which is provided by a special type of loading, viz by a couple of concentrated forces applied at the centre of every disc-like crack. Dyskin (2005) proposed a 2D model of growth of sliding zones and demonstrated that the self-similar distributions of sizes of sliding zones can maintain themselves only in the case of isotropically oriented faults and in the case of sliding zones localised in a narrow zone. The 2D model may however have only restricted applications because the 3D effects can play a significant role in fracture propagation, especially in the presence of compression (e.g., Dyskin et al., 2003) .
In this paper we develop a 3D model of interaction of shear cracks in self-similar systems and the evolution of sliding zones. The paper is organised as follows. In Section 2 we introduce a model of evolution of a single sliding zone in a pre-existing fault. We assume that the sliding zone is developed due to a local deterioration of friction in the fault independently of the deformation rate or slip velocity. This locus is then considered as a region of excess of shear force and serves as a driving force to propagate the sliding zone further. We model such a sliding sone as a planar disc-like shear crack in homogeneous elastic medium, ignoring the real discontinuities as the purpose of this study is to investigate a mechanism of emergence of self-similar distributions. We assume that the features that introduce lengths scales, such as fault Fault systems with self-similar sliding zones curvature or blocks are very large as compared to the dimensions of the sliding zones.
We use a conventional Linear Elastic Fracture Mechanics criterion of their propagation (see, for instance, Scholz, 1990) , the fracture energy being a macroscopic substitute for microscopic mechanisms of sliding over the fault. Section 3 treats the effect of interaction between these sliding zones. It is based on the assumption that because the sliding zones could not be born equal the interaction only exaggerates the size inequality and produces a wide distribution of sizes (sliding zones of similar sizes are in low concentration and hence do not interact directly; the interaction is essential only between the zones of considerably different sizes). Under this assumption a model case of chaotically oriented disc-like shear cracks is considered and demonstrated that interaction leads the emergence of a self-similar crack distribution. To circumvent the technical difficulties pertinent to the realistic case of parallel cracks, a self-similar size distribution needs to be considered and checked whether it survives the process of evolution of the sliding zones. The necessary formalism is introduced in Section 4.
Based on this, Section 5 demonstrates that in the case of distributed parallel sliding zones the self-similar distribution could not be formed. Section 6 considers another limiting case of coplanar sliding zones and demonstrates the stability of their selfsimilar size distribution. Section 7 infers the statistical parameters of seismic energy distribution associated with the evolution of self-similar distributions of sliding zones.
A model of sliding zone
We consider a fault in a meta-stable state arising when sufficient time has elapsed after a previous sliding such that a cementation or another healing process has restored the cohesion. This condition will be expressed in terms of the large-scale (macroscopic with respect to the dimensions of the sliding zones) shear, τ , and normal, N σ , stress components, acting on the fault plane by assuming that it is the cohesion that makes the fault stable, while if the cohesion is removed, the fault is in moving equilibrium. This is expressed as follows (compressive stresses are assumed positive)
where ϕ is the friction angle and c is the current cohesion.
The stress variations with time and the time effects, like cyclic loading caused by tidal stress and neighbouring seismic events or delayed fracture producing friction deterioration can generate local sliding zones at weak places of the fault, which, as yet, do not affect the fault stability. The local sliding zones can also be formed if the fault is locally hit by a tensile wave from a neighbouring seismic event with a magnitude exceeding the normal compressive stress (this mechanism was considered by Dyskin et al., 1998) . We will call the sliding zones initiated by one of these mechanisms the initial sliding zones. Such a zone is shown in Figure 1 where the fault is sketched with its middle section, AA'. The initial sliding zone (denoted by CC' in Figure 1 ) is characterised by the sliding resistance,
, which is considerably lower than the largescale friction on the fault:
The initial sliding zone will propagate to a sliding zone of a certain size (denoted by BB' in Figure 1 ). We assume that the cementation in this zone is broken and the resistance to Fault systems with self-similar sliding zones sliding is only provided by dilation on asperities in accordance to a conventional model (Patton, 1966) .
We firstly consider the case when the sliding zone is alone (the following sections will consider the interaction of self-similarly distributed sliding zones). Then its development can be modelled by a shear crack loaded at a central part (segment CC' in the middle section) by shear tractions Figure 2a . Since we are going to consider potentially extensive development of the sliding zones to sizes much greater than the size of the initial zone we will, as a further simplification, model the sliding zone as a crack sheared by a pair of concentrated forces of average magnitude
where S is the area of the initial sliding zone, Figure The sliding zone with cross-sectional dimensions BB' is developed from an initial sliding zone CC'. It is assumed that the large-scale friction in the sliding zone is provided by interacting asperities with negligible friction between the asperity surfaces, such that the sliding over this part of the fault could, in the first approximation be assumed reversible. Fault systems with self-similar sliding zones 
, the angle θ is a polar angle
The growth of such sliding zones is controlled by the fault microstructure, in particular the fault roughness and the strength of the gouge. Macroscopically, these factors will be represented by the macroscopic (with respect to the characteristic size of the fault asperities) fracture energy, Γ . Then, neglecting the contribution of the dilatant opening of the fault to the energy release rate a crack propagation type criterion can be formulated for the growth of a sliding zone:
where ν , E are Young's modulus and Poisson's ratio of the surrounding material of the Earth's crust which, in this simplified model, is assumed isotropic and homogeneous elastic. Fault systems with self-similar sliding zones For a disc-like crack shown in Figure 2b , the Mode II and III stress intensity factors II K and III K have at point B' the following form (e.g., Tada et al, 1985) ( )
where R is the crack radius, the polar angle θ is shown in Figure 2 .
Substitution of equations (4) into (3) shows that the propagation criterion for the sliding zone is not uniform over the crack contour, which means that even if the initial shape was circular it will not be maintained in the process of the growth of the sliding zone.
Nevertheless, since the present analysis is mainly concerned with the effects of interaction, as an initial approximation we consider a simplified model of the sliding zone. In this model the sliding zone will still be treated as a disc-like shear crack with the propagation criterion based on a certain average value of the stress intensity factors over the crack contour. Subsequently, since the expressions for both II K and III K have the same factor ( )
, the criterion of growth of the sliding zone can, in this approximation, be expressed as
where * K is a force representation of the average fracture energy Γ .
We assume that * K is scale-independent (with respect to the scales exceeding the characteristic dimensions of the fault asperities).
As evident from (5), the sliding zone grows in a stable manner with the radius increasing with the force as 3 2
F . This implies that the growth of sliding zones is controllable and hence excludes the dynamic phase. It means that the growth of separate sliding zones by themselves cannot cause catastrophic sliding. The mechanism of large seismic events should therefore be sought in the effect of interaction between the sliding zones. This mechanism is considered in the following section.
Interacting shear cracks. Emergence of self-similarity
Interaction between sliding zones literally means that each zone propagates under the action of a superposition of the external stress and stress disturbances, generally nonuniform, generated by all other sliding zones. When the number of sliding zones is large the modelling of propagation of interacting sliding zones becomes quite complicated.
A considerable simplification can be achieved by employing the notion of selfsimilarity in the distribution of the sliding zones, which is suggested by the GuttenbergRichter law universally observed in the records of both natural and technogenic seismic events (e.g., Scholz, 1990; Gibowicz and Kijko, 1994) . Self-similarity implies that the scaling is described by power law, which is the major simplifying factor in addressing the problem of interaction as will be shown in the following section. More importantly, in some cases, including the case of sliding zones considered, the interaction itself can produce self-similar distributions as will be demonstrated below (the consideration below will make use of the method developed by Dyskin, 2001 Dyskin, , 2002 for Mode I cracks).
We consider a material with cracks growing in a stable manner, for instance driven by pairs of equivalent concentrated forces applied to the centres of the crack faces. Suppose that the cracks are distributed randomly. Then, even if all cracks were initially of the same size and were loaded by exactly the same forces, the interaction will make them grow differently such that a certain size distribution of cracks will emerge. One can then assume that the difference in the crack sizes will only increase with their growth. Thus the interaction of such cracks can be modelled in the asymptotics of large distribution of sizes (Salganik, 1973) assuming that: (i) cracks of close sizes do not interact directly and; (ii) the interacting cracks are very different in size. Then each crack can be considered in an equivalent medium with effective characteristics determined by all cracks of smaller sizes.
We start the consideration with a somewhat artificial case of isotropic distribution of sliding zones (shear cracks), meaning that the faults subject to sliding are randomly oriented. We will further assume that the asperity-resisted sliding can be reversible such that small deviations of the shear stresses from the friction stress can cause both increase and reduction in the crack sliding. This assumption is essential for the proposed use of the effective characteristic theory since the basis of it -the consideration of a crack in an effective medium determined by smaller cracks -presumes that the effective medium is elastic at least incrementally at the stress near the equilibrium point, such Fault systems with self-similar sliding zones that loading and unloading follow the same path. Modelling of this case will provide the concept which will then be extended to the case of parallel faults which is more realistic for describing fault sliding.
Direct modelling of the growth of large numbers of interacting cracks is quite complex, especially in 3D. A significant simplification can be achieved if the crack growth, more precisely its stable phase, is formulated in terms of the average stress intensity factors
, where the averaging is presumed over all possible mutual locations and, possibly, orientations of the interacting cracks 1 .
We now consider each crack as being in an effective medium whose characteristics determined by smaller cracks, the calculation of the average stress intensity factors involves two scales. The effective medium determines the overall displacement discontinuities over the crack surface, therefore the computations involving the effective medium correspond to the scale macroscopic with respect to the small cracks. The stress intensity factors on the other hand reflect the stress concentration in a vicinity of the crack contour at the distances closer than the dimensions of the small cracks. Hence the stress intensity factors represent the stress distributions at the scale microscopic with respect to the small cracks. Consequently, the average stress intensity factors should be determined from the distribution of the displacement discontinuity close to the crack 1 The usual perception is that the fracture processes are described by extreme quantities, be it a maximum stress or minimum strength. This is of course relevant to the stage when a critical crack is formed and dynamically propagates producing the ultimate failure. However if the ultimate failure is preceded by a considerable stage of multiple crack accumulation/growth without dynamics, the use of average stress intensity factors would more adequate.
contour. Since here the scale of consideration is microscopic with respect to the small cracks, the respective stress concentration corresponds to the part of the original material free from the small cracks. Hence, the elastic moduli relating this part of displacement discontinuity and the stress intensity factors are at this stage the elastic moduli of the material. For the isotropic case the average stress concentrations can therefore be expressed in the following form (see Dyskin, 2002 for details)
where E is the effective Young's modulus, E 0 0 0 0 , ,
, is the Young's modulus of the material, are the stress intensity factors which would have characterised the crack had there be no interaction with small cracks. Then the criterion of propagation of the sliding zone (5) assumes the form
Suppose that at a certain value of the load, F, the cracks have the distribution function
. Here 0 R is the radius which the crack (sliding zone) would have without the interaction, max R is the maximum radius attained under the given value F .
It will also be assumed that this crack distribution can approximately be considered as the wide distribution of sizes.
Based on this assumption, the effective moduli for the material with cracks up to the given size can be calculated. Consider cracks with radii between R and R+dR. Because the number of these cracks is low, they shall be considered as non-interacting and placed in an effective medium determined by cracks of radii smaller than R. 
where N is the number of cracks per unit volume. 
Equations (9) can be further simplified by taking into account that since
such that with the accuracy of 7.2% this fraction can be replaced with 1/2.
Subsequently,
According to the differential self-consistent method, at each step when we apply formulae (9) or the approximation (11), the moduli obtained at the previous step play the role of E 0 0 ν and . Consequently,
We now obtain from the first equation of the above system and equation (8) that ) ( 45
Expressing E from (7) differentiating it with respect to R and substituting into (12) one
The distribution function should satisfy the usual normalisation condition is technically more difficult to trace the emergence of self-similar distributions. What we propose instead is to determine whether the self-similar distributions are stable with Fault systems with self-similar sliding zones respect to the described type of crack growth. This, necessary condition of the selfsimilar distributions, will be analysed in the following sections.
Mechanics of materials with self-similar crack distributions

General considerations
Let the crack distribution be self-similar such that there is no characteristic size in the microstructure. According to Dyskin (2004) 
for all non-zero components of the prefactors. Here α and β are the common scaling exponents for the tensors of elastic moduli and compliances respectively. 
Consider, for instance, the first system (The second system can be treated similarly).
This is generally a system of 21 equations for 22 unknowns, ijkl a and β . Since the prefactors for both compliances and the increments have the same units, one of the compliance prefactors can be chosen arbitrarily, while the other prefactors and the exponent can be found by solving this system. Furthermore, in line with (6), the average SIFs scale as
We consider now two important particular cases.
Isotropic self-similar distributions of disc-like shear cracks
In the case of randomly oriented pure shear cracks the second system of scaling equations (20) can be obtained from (11) by considering only the crack contribution to the moduli and then by formal replacement of v with w. We also take into account that the Poisson's ratio being bounded has the scaling exponent equal to zero, i.e. const = ν .
This produces the following system of scaling equations: 
where e is a normalising prefactor. It is seen that both Young's modulus and Poisson's ratio scale according to power laws. The exponent for the Young's modulus is proportional to the concentration factor w. It is interesting that the value for the Poisson's ratio is found to be 0.5, suggesting that materials with self-similar distributions of isotropically oriented pure shear cracks are incompressible. This is because self-similar distributions are formally unbound. Hence, formally, for finite w, the total crack concentration is infinite such that the properties of materials with selfsimilar crack distributions are fully controlled by the crack behaviour. In this case the incompressibility is a result of the absence of any normal relative displacements of the faces of shear cracks. Fault systems with self-similar sliding zones
Parallel disc-like shear cracks
Consider now a case of parallel disc-like shear cracks which could model sliding zones over a distributed set of parallel faults. Suppose the cracks are oriented perpendicular to the x 3 axis and distributed self-similarly with the distribution function f (R) 
) through the compliances as follows (24) Vavakin and Salganik's (1978) solution, after the contribution of the crack in the normal strain in the direction perpendicular to the cracks (the 3 x axis) is set to zero assumes the form: 
Stability of self-similarity in the case of distributed sets of growing shear cracks
We are now in a position to check whether the above self-similar distributions of shear cracks are stable with respect to the mechanism of crack growth described in Section 2.
Assuming that each homogenisation scale R H~ (in the H-continuum only cracks of sizes H R > can be seen) and substituting scaling (21) into the expression for the stress Fault systems with self-similar sliding zones intensity factors (4), (6) and then the result into the criterion of shear crack growth (5) one obtains
From here, since K * 0 2 3 = − α − , is assumed to be scale independent, we obtain an equation for the scaling exponent . Therefore, if the cracks are to grow keeping the selfsimilarity the exponent of the moduli scaling cannot be arbitrary, but should satisfy
For isotropic distributions of disc-like shear cracks this, according to the scaling law (23) corresponds to
Thus the concentration factor of the crack distribution remains constant. This means that in order to maintain the concentration factor constant the crack growth must only affect the lower and upper cutoffs of the distribution (both max R and 0 R get increased in accordance with the normalisation equations (14)).
In the case of parallel shear cracks, because the scaling of non-vanishing components of compliances or moduli is characterised by the same exponent, the scaling of the average stress intensity factors can be still obtained from the equations (6). Then the considerations of the previous section can be repeated and the condition of stability (29) can be obtained. However, for the case of a single set of parallel cracks this condition cannot be satisfied due to the trivial scaling ( 0 = β = α ). Therefore, for such crack Fault systems with self-similar sliding zones distributions, the self-similarity cannot be maintained: it will be destroyed by crack growth. Consequently, one cannot expect that the crack growth will be accompanied by self-similar seismic emission which contradicts the Guttenberg-Richter law. This suggests that the case of distributed cracks locations is not realistic and a situation of cracks localised in a narrow band should be considered. This will be accomplished in the following section.
Stability of self-similar distributions in the case of localised sets of parallel sliding zones
The instability of a self-similar distribution of parallel cracks with respect to the crack growth came from the fact that the scaling exponent vanishes. This, in its own turn, is a consequence of the fact that these cracks do not contribute to some components of compliances that characterise the transverse-isotropic H-continua which model the material with a single set of distributed parallel cracks. Therefore, in order to find a stable arrangement of parallel cracks, one needs to find a situation when the cracks influence all essential components of compliances. An obvious candidate for this is a 
Solution of the differential equation (33) gives
The influence of the interaction on the average stress intensity factors scales inversely to the scaling of stiffness, therefore the criterion of crack grows reads ( )
The self-similarity will be preserved if
The total dimensionless concentration of cracks with sizes in the range from R 0 to R max This result can obviously be applied to a system of parallel faults, as long as the interaction between the sliding zones belonging to different faults can be neglected. This can for instance happen when sliding occurs in different parts of the faults such that the distance between the sliding zones belonging to different faults is greater than the upper cut-off of the size distribution of the sliding zones.
Self-similar cascades and the resulting distribution of seismic energy
If we assume that the self-similarity of the size distribution of sliding zones is maintained, then the process of their evolution can be described as follows. The new sliding zones which are initially the zones of average radius 0 R induced in the fault will violate self-similarity. Therefore, the self-similarity will have to be restored by growing these new cracks (or some of them) to the highest sizes (radii) or by propagating them to some intermediate sizes followed by increasing the sizes of some other cracks. This cascade of propagating sliding zones will result in a new distribution with the same minimal radius R 0 max R but with an increased maximal one, .
In order to model this cascade of propagating cracks consider a level R. Since the cracks grow in such a way that the concentration factor, λ , remains constant (see (37)), the number of crack grown to radius R should equal the number of cracks of radius R starting their growth in the process of rearrangement. Let ) (R g be a fraction of cracks grown to radius R. Due to self-similarity this distribution should be expressed by a power law with a certain exponent k: Fault systems with self-similar sliding zones
Subsequently the distribution of cracks grown to radius R is (see also summary in Table   1 )
Consider now the energy distribution of seismic events emitted by the cascade. Suppose the seismic event is associated with a growth of a crack (sliding zone) from a certain size 1 R to size R. We will assume that this growth happens dynamically such that the energy emitted by the crack ) (R Ε is equal to the change in elastic energy associated with the displacement of the crack faces. Since the crack growth is caused by the crack interaction, represented in this model by some uniform effective stress eff τ , the energy is ( ) 
This is a Guttenberg-Richter law expressed in terms of the energy rather than magnitude. After relating the exponent 9 ) 2 ( 2 + k to the observed one it is possible to find k.
Determination of the model parameters. Risk assessment
In order to determine the parameters of the model we consider statistical moments of the seismic energy: If these parameters were determined the earthquake hazard assessment could be performed in the cases when the mechanism of seismicity is dominated by the self-similar development of distribution of sliding zones. We note that the maximum energy of a seismic event has the form:
If this energy exceeds the safe level, safe Ε , then the seismic event should be considered as hazardous. The risk (probability) of a hazardous seismic event can be estimated as 
Conclusion
We have considered a specific mechanism of seismicity associated with the propagation of sliding zones within a fault in such a way that the distribution of sizes of the sliding zones maintains self-similar. This is of course a very strong assumption. If the persistent observations of Guttenberg-Richter law constitute a sufficient reason to believe that the self-similarity is a prevailing characteristic of the fault sliding, then we have a method of hazard assessment of earthquakes. It is essential that not all parameters needed for the hazard assessment could be determined from the microseismic measurements; these must be complemented by independent observations of the process of the fault deformation. Fault systems with self-similar sliding zones Vavakin, A.S. and Salganik, R.L. (1978) 
Appendix. Effective characteristics of an isotropic material with randomly oriented disc-like shear cracks in dilute concentrations
Consider an isotropic material with chaotically distributed disc-like cracks and assume that the concentration of the cracks is low such that the interaction between the cracks can be neglected. Introduce a global Cartesian co-ordinate set (x 1 , x 2 , x 3 ) and consider a volume element macroscopic with respect to the crack sizes. Suppose the volume element is loaded by uniform tractions which, in the absence of the cracks, would produce uniform stress field σ ij within the volume element. Let V i be an i th component of displacement discontinuity through the crack integrated over the crack surface (this quantity has the units of volume). In the case of elastic
is linearly related to the applied stress which is considered to be uniform by the virtue of the uniform tractions applied to the volume element and the supposed absence of the crack interaction (A1) Fault systems with self-similar sliding zones where J klm is a tensor which depends on parameters of the crack and its orientation.
In accordance with the general theory, e.g., Salganik (1973) where N is the number of crack per unit volume.
Consider a crack and introduce a Cartesian co-ordinate set (x' 1 , x' 2 , x' 3 ) with the x' 3 axis normal to the crack surface. For a disc like crack of radius R we have in this co-ordinate set (Salganik, 1973) The sliding zone with cross-sectional dimensions BB' is developed from an initial sliding zone CC'. It is assumed that the large-scale friction in the sliding zone is provided by interacting asperities with negligible friction between the asperity surfaces, such that the sliding over this part of the fault could, in the first approximation be assumed reversible. 
